Trigonometric inequality(1 year)
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Prove that in any acute-angled triangle ABC the following inequality holds

c0s24 cos’B + cos?Bcos’C + cos>Ccos’A < (1/4)(cos’A4 + cos’B + cos>C).

Solution by Arkady Alt , San Jose, California, USA.

Since set of all positive solutions (x,y,z) of equation x> + y? + z2 + 2xyz = 1

can be represented as set {(cos4,cosB,cosC) | 4,B,C € (0,n/2) & A+B+C =1}
and at the same time as

{(J(l—yxl—Z) (l—z)(l—x) (l—Z)(l—x) ) | xy,z2>0&x+y+z= 1}

then original inequality is equlvalent to inequality
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Let p := xy + yz +zx,q := xyz. Then Z — = 1+p Zx = and latter inequality
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becomes ¢ < q+9 Since* g < -3 and

3p =30y +yz+zx) < (x+y+2)°

_4d+p) o p 40 +p) _4-3p (+p)4-3p)

thenq+9 =g Z T 2 +9 = 7 (=7 +9 =

-3 PT7173p
@-3p)([A-p)-A+p)+9(-p) _ 1-3p _
p(1-p) l-p

*0<Y -y =2 -+ -2+ -x)* =

cye
2 (x+y) +y?22(y +z) + 22x%(z + x) — 2xpz(x? +y? + 22) =
(x+y+2)(x%? +x222 + y?222) —xpz(xy + yz + zx) — 2xpz(x? + y* +2%) =
(»* =2q) —qp —29(1 = 2p) = p* — q(4 - 3p).



